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1. Introduction

On the basis of statistical data (Xli,XZi,... X -), I =1,m, n-dimensional orthogonal

>
regression (or total least squares-TLS), is equivalent to solving a problem in the general
form:

m
min J(Cl,cz,...,cn):Z:[distance((xu,X2i,...,Xni H(Cl,cz,...,cn;Xli,XZi,...,Xm))]2
i=1

(€1,C50mrnsCn JER™

where H is a regression function (generally, a hyperplane). TLS approach has
some interesting properties [3]° which make it more appropriate than classical regression
methods in many cases: for instance the sum of squared distances is independent of the
choice of axis system but, the most important fact, this method can be applied when the

order cause-effect is not very clear (in other words, any X;,X,,...,X, can be chosen as

n

dependent variable). In the following sections, consider N =3, that is H is a line or a
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plane. Graphic generating procedures are available in Matlab for both cases [4]. The
economic evolution through the instrumentality of three among most important indicators

(GDP (1,), Inflation (1,) and Unemployment (|,)-measured in the form of annual percent

changes) is a process which can be very well described using TLS for N =3 (remark that
there isn't a direct causal relation between these indicators). In more details, at the given

moments in time, |, 1,, |, receive (after measurements) some numerical values. These are

the initial set of data and are considered a starting point by applying the TLS method a
global image of economic evolution in the time intervals which are studied. Moreover, a

mathematical relation between ||, I,, |, can be obtained, which allow us to forecast one of

them if the others are easily predictable. In Section 3 this reasoning (mention that it is used
to measure V4 group economic differences [3], too) is applied to 3 economics entities
(Romania, Eurozone and The United States of America) on a period of eight years (2000-
2007) and the results are figured as a regression line. The information regarding

comparison at a single indicator level (L,) can be obtained by measuring the slopes relative

to every positive oriented space direction, and at level of group of two of them (L,) by the
angles between the regression line and the three coordinate planes (as basis plans). Taking

info account levels 1 and 2 we receive a complex, combined image which takes us to L,

(top level) which gives a three dimensional space image of the whole economic process. The
article contains two main parts: the theoretical considerations and the application of the
method of orthogonal regression in comparative study and graphic evolutive presentation of
the selected economies.

2. A model of three-dimensional orthogonal regression

Consider the data ( X, 2 ,y ) eR’i= 1 M. The linear model is given by:
y(X,%, ) =€, + X, +C,X,

Ordinary least squares:

m R .
min J(c,,c,,C,) Z( —Co—clel)_czxg))z

Co,C1,Co io1
This is equivalent with search the best fitting plane in R’
T
{(xl,xz, y) eR’|ly=cy+ex +c2x2} :

Consider the centroid
o y)=[ L3y Lo 1S
XX, V)= — > x,—» x".— >y |.
(1 2y) (mizzlll m%:zm;yu
One can observe that as

yW=c, +cx" +e,x, vi=1,
then
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3y S0l
i=1 =, +¢, +c, -t
m m m

that is

Therefore the objective function can be written

m

J (Co,cl,c2)=2[(y(i) —9)—C1(X1(i) —;1)—‘32()(9) —;2)"‘9—% -cxi —02;2}2 =

B WEE

i=1

+2i[(y(i) _9)_C1(Xl(i) _;1)_(:2()(9) _;2)}(9_(:1;1 _C2;2)+m(§—co —C1§1 —C2;2)2 =
S
N )

with equality if and only if y =C,+C, X1 + C, X2. As a consequence the centroid belongs to
the fitting plane.

Consider
Xk = (X&1)9X|£2)9"'9X|£m)).r 7y = (y(l)7"'7 y(m))T
and
A=(1]x]x,)
where
1=(1..1] eR™,x, =(x".x?,.x"] eR", x, = (x",x?,...x"] e R"
Thus

J(cy.C,.C,) =y —c,1-cx —czx2||2 =|y- Ac||§

and the solution may be derived from the normal equations.
On the other hand, taking into account that

J(c,.¢,.¢,) Z[( ) l(xfi) —il)— cz(xgi) —iz)]z

the problem is equivalent with finding r with ”l‘”2 =1 which minimize

2
5 where

B=(x,—x1/x,—X:/y—y)for Xs = (Xs....Xs ] R",5 =12 and y =(y....y)€ R". The

solution always exists [2].
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Figure 1.

Next, we study the same problem by substituting the previous plane with a
regression line |. The parametric equations of | (with the property (xo,yo,zo) el)in 3D

space are:
X=X,+ta, y=y,+tb, z=2z,+tc where t eR.

On the basis that the centroid is on the regression line (as is derived in the

Appendix), one may write the parametric equations of the line | in the form:
X=X+ta, y=y+th, z=z+tc.
Moreover, for a point P(X;,Y,,Z, ) the following relation can be derived:
d 2(P,|)+ d 2(Centroid,PrI P) =d 2(Centroid, P) (Figure 1).
Then
(xj —i—ta)Z + (yj —y—tb)2 + (zi —E—tc)Z +t2(@’ +b% +c?)= (xj —i)z + (yj —?)2 +
(Zj _E)z
= (xj —§)2 + (yj —9)2 + (zj —E)z +t2(a®+b> +c?) —2at(xj —i)— 2bt(yj —?)—
th(zj —E)+ +t}(a’ +b* +c¢?)= (xj —i)z + (yj —9)2 + (zj —E)Z
= 2t*(a’ +b* +¢?)= 2at(xj —§)+ 2bt(yj —§)+ 2ct(zj —E)

o a(xj —§)+b(yj —§)+c(zj —E)i 0

=

a’+b*+c’
(for points which are not projected in the centroid; for the others, the distance to the line is

constant and has no influence in the minimization of the objective function).

Thus the squared distance from P(Xj Yo Zj) to line | is given by:




:.uunm

F . . o
APPLIED Quantitative Methods Inquires
QUANTITATIVE

METHODS

- — —\2
[x,. . X)zfgyé;yg; ofz,-2)
_ _ oy
e ek

[ s

The sum which must be minimized becomes

Zm:lixj —x—a a(xi _;)"' b(yj _9)4_ C(Zj _E)_ +

8]

= a’+b’+c?

i{yj_y_ba(x,._;)m(yj_y)+c(z,._z>}2+

= a’+b*+c’

é{zj_E_Ca(xj_;)+b(yj_y>+c(z,._z>}2

a’+b*+c’
which can be solved by mathematical computer programs.

Another method is to use spherical coordinates (Figure 2). As before, C € |.

L
A\

Figure 2.

First, a translation is made in such a manner that the origin of the rectangular
coordinates becomes the centroid C . Consequently, a point P(X, Y, Z) has the new
coordinates (X —X, y —9, - E)

Let & be the angle between the line | and the positive CZ -axis and ¢ the angle
between the plane through | and orthogonal to XCy and the plane XCz . A rotation
around CZ such that | comes in XCz is performed. The new position for the generic point

is P(Xl, Y, Zl) where
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X, = (X—i)cos¢9+(y—§)sin9 LY = —(X—)_()sin9+(y—§)cosﬁ, 2,=1 ~z
Now, make a rotation around Cy such that | =Cz. It implies that P has the coordinates

(X,,Y,,2,) with

X, =—Z,sin@+Xcos@,Y,=Y,, Z, =Z,cos@+ X sing
Thus

X, = —(Z - E)sin o+ (X - ;)cos Ocosp+ (y - y)sin Ocosq,
Yy, = —(X - ;)sin 0+ (y - y)cos 0,
Z, = (Z ~ E)cos o+ (X - ;)cos dsing+ (y - y)sin fsin @

The squared distance from P(Xz, Yy Zz) to | is X; + Y. We have:

6x OX,

¥ =2X % = 2[—(2—E)singo+(X—Q)cos@cos¢)+(y—y)siné?cosgo]-
[— (X - ;)sin Ocosp+ (y - y)cos 0 cos (p],
{2); 2X {;); 2[— (z —E)sin(p+ (X—i)cosé’cos¢+ (y—?)sin@cos (p]-

) [_ (z - E)cos Q- (x — i)cos @sin @ — (y — y)sin fsin (p],

D2y, % ol fc-7hin s oot} [ bc-Roso-(y-7hinc]

The sum of squared distances from the points (X- Y;,Z |)

i fo the line | is given by
S0 Sk + 0
o1

i ] After equal to zero the partial derivatives with respect to & and

@ obtain:

i[( (Z - Z)Sln(p+ X)cosé’cosg0+ (yi —y)sinecos (0).
1

(x
: (— (Xi Ii)sm Ocosp+ ( y)cos @ cos (p) + (— (Xi - ;)sin 0+ (yi - y)cos 6?)~
i)cos 60— (yi — y)sin 0)] =0

I8¢

and

i [(— (zi - E)sin o+ (Xi - Q)cos Ocosp+ (yi - y)sin 6 cos go)-
i=1

. (— (Zi - E)cos Q- (Xi - i)cos Osing — (yi - y)sin fsin q)) =0
Taking into account the fundamental trigonometric formula for both angles and

with computing technique of SWP for instance, the solution can be obtained. In addition

there are Matlab routines for the representation of both types of regression in 3D space
plane and line [3,4].
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3. Case study: Eurozone countries, Romania
and the United States of America

In this section a comparative study is developed for the period 2000-2007 with
data regarding GDP, inflation and unemployment associated to: Eurozone, Romania and the
US. The numerical values of the mentioned variables are given in the next tables.

Table 1. Euro zone countries

Eurozone Adopted Population
(2009)
Austria 1999 8,316,487
Belgium 1999 10,666,866
Cyprus 2008 766,400
Finland 1999 5,289,128
France 1999 63,392,140
Germany 1999 82,314,906
Greece 2001 11,125,179
Ireland 1999 4,239,848
Italy 1999 59,131,287
Luxembourg 1999 476,200
Malta 2008 404,962
Netherlands 1999 16,471,968
Portugal 1999 10,599,095
Slovakia 2009 5,389,180
Slovenia 2007 2,013,597
Spain 1999 45,116,894

Source: European Central Bank, Map of euro area, March 2009

Table 2. Eurozone

Dzzz';":“ 2000 | 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007
GDP 3.842 | 1.905 | 0.912 | 0.795 | 2.085 | 1.608 | 2.757 | 2.595
Inflation 2171 | 2.368 | 2.292 | 2.073 | 2.149 | 2.191 | 2.183 | 2.148
Unemployment 8.092 | 7.800 | 8.200 | 8.675 | 8.825 | 8.575 | 8.746 | 7.427

Source: International Monetary Fund, World Economic Outlook Database, October 2008.
Note: measuring units: annual percent changes.

Table 3. Romania

Subject 2000 2001 2002 | 2003 2004 | 2005 | 2006 | 2007
Descriptor
GDP* 2.149 5.745 | 5.120 | 5.224 | 8.455 | 4.180 | 7.855 | 6.042
Inflation* 45.667 | 34.468 | 22.537 | 15.274 | 11.881 | 9.025 | 6.552 | 4.840
Unemployment** 7.100 6.600 | 8.400 | 7.000 | 8.000 | 7.200 | 7.300 | 6.400

*Source: International Monetary Fund, World Economic Outlook Database, October 2008.
"Source: ILO (International Labour Organization) Bureau of Statistics, LABORSTA-database of labour statistics,
March 2009.

Table 4. United States

Subject Descriptor 2000 | 2001 2002 | 2003 | 2004 | 2005 | 2006 | 2007
GDP 3.660 | 0.751 1.599 | 2.510 | 3.637 | 2.939 | 2.779 | 2.028
Inflation 3.367 | 2.817 | 1.596 | 2.298 | 2.668 | 3.375 | 3.226 | 2.858
Unemployment 3.967 | 4.742 | 5.783 | 5.992 | 5542 | 5.067 | 4.608 | 4.642

Source: International Monetary Fund, World Economic Outlook Database, October 2008.
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The graphical representations for variations of the considered variables with respect
to time are given in Figure 3.
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By using the developed method and some MATLAB algorithms [3,4], one can obtain
the regression lines from Figure 4 (for Eurozone), Figure 5 (for Romania) and Figure 6 (for
USA).
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Figure 4. Eurozone - datapoints and regression line
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Figure 5. Romania - datapoints and regression line
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Figure 6. United States—datapoints and regression line

4. Conclusions

A deterministic method for mapping the linear evolution of an economy using three
main indicators, each of them regarded as a time function, was discussed. The algorithm

was applied to a cross-national comparative study regarding economic changes in a period
of several years.
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In this section the following notations are used:

-The dot product (or the inner product) between three-dimensional vectors a = (al, a,, 8.3) and
b= (bl,bz,b3) is given by
a-b=ab +ab, +ab,

-The cross product is defined by

axb =(a,b, —a,b,,a,0, —ahb,,ab, —a,b)
Let A(XO, Yoo 20) be a point belonging to line |, o = (XO, Yoo Zo) = XOi +Y, j + Zok (position
vector) and V = (a,b, C) (direction vector). Consider an arbitrary point B(X, Y, Z) el and
r= (X, Y, Z). Then there is a real number t such that AB =1tV . Therefore one can write

r=ro+ AB = ro +1V (Fig. A). So the vector equation of the line is given by I = ¢ +1V,
t € R (parameter). The vector equation is equivalent to (X, Y, Z) = (XO, Yos Zo)+ (ta,tb,tc), from

which the following parametric equations are derived: X = X, + at,y = Yo T bt,z = Z,+ ct, with

X=X — -1
teR,or(if a,b,c#0): o Y=Y _ 0
a b C
Py
1 B‘ A \\
- ~
~
~
~
~
1 ~
Q A
Figure A Figure B

Consider P, (Xk > Yio Zk) a point in the three-dimensional space and the line | (defined as above). If

@ is the angle between APk and V (0 = QAPk , Fig. B) it results the following relation between the

cross product and Sin & :

-

V

AP, xV, -sinf.

-

Thus, the formula for the distance from the point Pk to the line | is given by:

][

- -

RQ =[] = [AR sino =[AR]]

AP, |||V Y
Consequently,
PQ = ”(Xk —Xo» Y = Yo, 2 — ZO)X(a,b, C)” _
Ja +b’ +¢?
= ”(yk _ yO)C _(Zk _ ZO)b’(Zk - ZO)a_(Xk - XO)C, (Xk - Xo)b _(yk - yo)a” =
Va2 +b” +¢?
— \/[(Yk - yO)C—(Zk — Zo)b]2 + [(Zk - Zo)a—(Xk - XO)C]2 + [(Xk - Xo)b_(yk _ yo)a]z
a’+b’+c?
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The sum of squared distances from points P, (Xk > Yo Z ), K=1,mto | is:

: i {[(Yk - YO)C - (Zk —Z )b]2 + [(Zk —Z )a - (Xk — X )C]2 + [(Xk — X% )b - (Yk Y )a]z}

a’+b’+c’ &
If one set the first derivatives w.r.t. X,,Y,,Z, equal to zero, obtain:

3 {ellz, —20)a— (%, =%, e]-bl(x, ~x, )by, — v, Jal} =0

k=1

{_ C[(yk - YO)C - (Zk —Z )b]+ a[(xk ) )b - (yk =Y )a]} =0
{b[(Yk - YO)C - (Zk —Z )b]_ a[(zk —Z, )a - (Xk —X, )C]} =0

ellz 2, (x| bllx—x, (v~ vo o= 0
~clly-yo k-2 bl alx—x, b (v, -
olly-yo k-2~ bl-alz -2, p-(x-x =0

—(;—XOsz +cz)+(§—y0)ab+(2—zo)ac =0
ab(i—xo)—(y—poa2 +c2)+(2—zo})c =0
(i—xo)ac+(§— yO)Jc—(E—zOXa2 +b*)=0

Consider the determinant:

M=

k=

—_

NgE

=~

=1
which lead to

(=]

or

—b*-¢? ab ac
A=| ab —a’-¢’ bc
ac bc —a’-b?

-b -C )
As (Column 1)= — - (Column 2)+ — - (Column 3) it result that A =0.
a a

Consider
-b*-¢’ ab
A= A =c’(a’+b> +¢?)
ab -a —c
—ac(z-z, ab v
A = - . :ac(a +b”+c Xz—zo)
-bclz-z,) —-a°—-c

=bcla+b” +c?)z-z,)

—b?—¢? —acEE—zo

ab  —hclz-2z,

- A, afz - A, b X=X, Y-Y, 2-12
Thus X—X, =—t=—(z-2,)and y-y,=—2=—(z2-2,).H ¢ = ¢ = :
us 0 A C( 0) and Y=Y, A C( 0) ence a b c

and it's obvious that the centroid belonging to the fitting line.
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