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Abstract: 
Comparison of effects of two treatments by log-rank test is a very common 

phenomenon in medical research. Researchers prefer to use log-rank test with out carrying 
about the assumptions of test, which sometimes not only destroy the effects of study but also 
misguides the readers. The idea of this article is to review some aspects of log-rank test and to 
provide some rules of thumb. 

Key words: Log-rank test, Proportional hazards assumption, Kaplan-Meier survival 
curve 

 

 INTRODUCTION 
 
Medical researchers are often interested in comparing the survival experience of two 

groups of individuals. They usually prefer to use simple and straight forward tests. For this 
purpose several methods are available for comparing survival distributions, out of which the 
most commonly used rank based test, is the log-rank test [1]. Log-rank test is the first choice 
of researchers due to its easy concept as well as easily availability of software. The test is 
based on different assumptions and performs better in a specific situation, but some 
researchers do not care about these. Like the Kaplan-Meier survival function [2], log-rank 
test is also based on the assumption of non-informative censoring. It is cited so many times 
in the literature that the log-rank test is more appropriate, powerful and reliable as 
compared to other tests in a situation where two or more survival curves do not cross i.e. 
whose hazard functions are proportional (Figure 1).  

 
 
 



  
Quantitative Methods Inquires 

 
4

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Survival curves of two groups 
 
This assumption raises an important practical question that if any data set fulfills the 

proportional hazards assumption, log-rank test gives satisfactory results? We do not think so 
and we illustrate our point by considering two different published data sets which satisfied 
the proportional hazards assumption. Furthermore, we will try to provide some common 
rules of thumb on the use of log-rank test. 

First data set consists of survival times of 30 cervical cancer patients, recruited to a 
randomized trial of the addition of a radiosensitiser to radiotherapy (Group-II) versus 
radiotherapy alone [3]. Group-I consists of 16 patients (5 censored and 11 events) and 
Group-II 14 patients (5 events and 9 censored). For further detail about the data concern the 
book. Table 1 summarized the data. 

 
Table 1. Treatment group of 30 patients recruited to a cervical cancer trial. 

Group-I Group-II 
1037 
1429 
 680 
291 
1577* 
  90 
1090* 
142 
1297 
1113* 
1153 
 150 
 837 
 890* 
269 
 468* 

1476* 
827 
519* 
1100* 
           

1307 
1360* 
  919* 
373 
 563* 
 978* 
650* 
362 
383* 
272 

* Censored survival time 
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Survival comparison of two groups was made by using SPSS. This gave the value of 

log-rank test 1.682 with corresponding p-value 0.195, indicates the difference between 
groups is not statistically significant. This contradicts the fact which is shown in Figure 2. 
Except the log-rank test, we tried also different weighted tests, but every test gave the result 
in favour of null hypothesis that the two groups have the same survival probability. So log-
rank test failed to detect difference. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Kaplan-Meier survival curves of two treatments (radiosensitiser to 

radiotherapy denoted by dark line and radiotherapy denoted by dotted line). 
For further verification, second data set is considered from Collet [4] (a brief 

introduction about the data set is given on page 7 of the book). The data set consists of 
survival times in months of women with tumours, which were classified negatively or 
positively stained with Helix pomatia agglutinin (HPA). There were 13 women in the negative 
stained group out of which 8 were censored. Positive group composed of 32 patients. Out of 
32, 11 were censored. Data set is given in Table 2.The value of log-rank test along with 
some weighted tests values are summarized in the Table 3. 

In comparison with 05.0 , p-value of the log-rank test does not support the fact 

(Figure 3), although two groups satisfied the proportional hazards assumption. While the two 
weighted tests, which are considered to be more appropriate for crossing curves, in this case 
give satisfactory results. 

 
Table 2. Survival times in month of tumours women  

Negative 
staining 

Positive staining 

23 
47 
69 
70* 
71* 

5 
8 
1

0 
1

68 
71 
76* 
105* 
107* 
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100* 
101* 
148 
181 
198* 
208* 
212* 
224* 

3 
1

8 
2

4 
2

6 
2

6 
3

1 
3

5 
4

0 
4

1 
4

8 
5

0 
5

9 
6

1 

109* 
113 
116* 
118 
143 
154* 
162* 
188* 
212* 
217* 
225* 

                                                    * Censored survival time 
 
Table 3. Chi-Square statistics and p-values from the application of the log-rank, 

Wilcoxon and Tarone-Ware tests for tumours data 
Statistical test Chi-Square p-value 
Log-rank 
Wilcoxon 
Tarone-Ware 

3.515 
4.180 
4.050 

0.061 
0.041 
0.044 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Kaplan-Meier survival curves of two treatments (positive stained by dark 

line and negative stained by dotted line). 
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Except these two data sets, there may be many more data sets which come across 
the same situation. In some cases weighted tests may be helpful but not always. It is also 
observed that in most cases in which log-rank test gives satisfactory results, weighted tests 
also and vice versa. Example is that of the famous leukaemia data set [5].   

Therefore, the log-rank test which is considered to be the best choice, if the groups 
satisfied the proportional hazards assumption is not always true. Sometimes weighted tests 
are also helpful as in example 2. In some cases it may happen that no available test is able 
to detect the differences correctly as in example 1 and sometimes all tests give correct 
results.  

Now the question is why the log-rank test fails in ideal situations? 
The test is more suitable, if the risk of an event is considerably greater for one group 

[6]; although this proved in given examples still log-rank test fails. This means that the 
condition is not sufficient; there must be some other factors which influence the performance 
of log-rank test. The factor may be number of events ≤ 5, may be the range of data and 
may also be the difference between sizes of two groups.  

We may face the same problem for crossing survival groups, on which no available 
weighted test fits well. This fact opens the door for new research and development. On the 
basis of these realities, one can not say any thing about an ideal test which is suitable in 
each and every situation; one test may be suitable in one situation and fails in other. 

 

Conclusion 
 
 We conclude our discussion by mentioning the following rules 
 The best way is to first check the proportionality assumption by plotting survival 

curves of groups or by hazard plotting of groups or by any other available method. 
 It is not always true that if proportional hazards assumption satisfies, log-rank test 

gives a satisfactory answer. 
  Do not restrict yourself to log-rank test, also apply the weighted tests. Sometimes 

weighted tests give more satisfactory results than log-rank test. 
 If the existence tests are not able to produce appropriate results, develop a more 

powerful test. 
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Abstract: 
This paper describes how fuzzy goal programming can be efficiently used to solve 

bilevel programming problems with fuzzy parameters. In the model formulation of the 
problem, the tolerance membership functions for the fuzzily described objective functions of 
decision makers are defined by determining individual optimal solution of each of the level 
decision makers. Since the objectives are potentially conflicting in nature, a possible relaxation 
of the upper level and lower level decision are considered by providing preference bounds on 
the decision variables for avoiding decision deadlock.  Then fuzzy goal programming 
approach is used for achieving highest degree of each of the membership goals by minimizing 
negative deviational variables. Three fuzzy goal programming models are presented. Distance 
function is used to identify which fuzzy goal programming models offers better optimal 
solution.  A numerical example is presented to demonstrate the potential use of the proposed 
approach.   

Keywords: bilevel programming problem, fuzzy goal programming, fuzzy 
parameters, deviational variables, distance functions 

 

1. Introduction 
 
Decision making within a hierarchical organization may be characterized by an 

attempt to satisfy a set of potentially conflicting objectives of different decision making units 
situated in hierarchical levels as completely as possible in an environment comprised of a set 
of finite resources, conflicting interest and a set of constraints in order to deal with the 
situation in which all objectives can not be completely and simultaneously satisfied. 
Constraints and objectives may be fuzzily described. Hierarchical optimization or multilevel 
programming (MLP) techniques are extensions of Stackleberg games for solving 
decentralized planning problems with multiple decision makers (DMs) in a hierarchical 
organization. Bilevel programming problem (BLPP) is a special case of Multilevel 
programming problems (MLPPs) of a large hierarchical decision system. Bilevel organization 
has following common characteristics: two decision makers namely, upper level decision 
maker (ULDM) and lower level decision maker (LLDM) are located at two different levels; the 
execution of decision is sequential, from upper level to lower level; each DM independently 
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controls only a set of decision variables and is interested in optimizing his or her objective 
functions. Although ULDM independently optimizes his or her own objective functions, the 
decision may be affected by the reaction of the LLDM. Therefore, decision dead lock arises 
frequently in the decision making situation. 

The formal formulation of the linear BLPP is defined by Candler and Towmsly [9] as 
well as Fortuny-Amat and McCarl [10]. During the last three decades, BLPP as well as MLPP 
in general for hierarchical decentralized planning problems have been deeply studied in [1-
5, 7-11, 13, 17-22] and many methodologies have been proposed to solve them potentially 
such as economic systems, government policy, warfare, etc. The classical approaches 
developed so far, for BLPPs have been surveyed by Wen and Tsu [22].  Most of these 
methods are based on vertex enumeration [8] and transformation approach [9]. The former 
is to seek a compromise vertex by simplex algorithm based on adjusting upper level control 
variables. It is rather inefficient, especially for large size problems. The latter involves 
transforming the lower level programming problem to be constraints of the upper level by its 
Kuhn-Tucker (K-T) conditions or penalty function. Due to the presence of non-linear or 
Lagrangian terms appearing in the constraints, the auxiliary problems become complex and 
sometimes unmanageable. These methods are suitable for crisp environment. Sakawa et al. 
[17] presented an interactive fuzzy mathematical programming for linear MLPP with fuzzy 
parameters. Lai [11] at first developed an effective fuzzy approach by using the concept of 
tolerance membership functions for solving MLPPs in 1996.  Shih et al. [18] extended Lai’s 
concept by using non-compensatory max-min aggregation operator for solving MLPPs. Shih 
and Lee [19] further extended Lai’s concept by introducing the compensatory fuzzy operator 
for solving MLPPs. Sinha [20] studied alternative MLP technique based on fuzzy mathematical 
programming (FMP). The basic concept of these fuzzy approaches is almost same and re-
evaluation of the problem repeatedly by redefining the elicited membership values is 
essentially needed in the solution search process to obtain a satisfactory solution. So, 
computational load is also inherently involved in the fuzzy approaches developed so far. 
Pramanik and Roy [15] proposed fuzzy goal programming (FGP) approach to MLPPs using 
deviational variables.  

Pramanik and Roy [16] proposed FGP approach for solving multi-objective 
transportation problem with fuzzy parameters.  Pramanik and Roy [14] also developed 
priority based FGP approach for solving multi-objective transportation problem with fuzzy 
parameters. In this paper, FGP due to Pramanik and Roy [14, 16] is slightly modified and 
applied for solving BLPP with fuzzy parameters. Three FGP models are formulated for solving 
BLPPs. Distance function is used for identifying which FGP model offers better optimal 
solution.       

 

2. Preliminaries 
 
Some basic definitions are here given that will be used in the paper. 

Definition 2.1 A fuzzy set 
~

  in  is defined by 
~

  = {x, ~


 (x) x  }, where 

~


 (x):    [0, 1] is called the membership function of 
~

  and ~


 (x) is the degree of 

membership to which x
~

 . 
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Definition 2.2 Union of two fuzzy sets 
~

  and 
~

 with respective membership 

functions ~


 (x), ~


 (x) is defined by a fuzzy set 
~

C  whose membership function is defined by 

~~
Β∪Α

μ (x) = ~
 C

 (x) = max [ ~


 (x), ~


 (x)], x  . 

Definition 2.3 Intersection of two fuzzy sets 
~

  and 
~

  with respective membership 

functions ~


 (x), ~


 (x) is defined by a fuzzy set 
~

C whose membership function is defined 

by ~~


 (x) = ~
 C

 (x) = min [ ~


 (x), ~


 (x)], x  . 

Definition 2.4  The -cut of a fuzzy set 
~

  of   is a non-fuzzy set denoted by 

 is defined by a subset of all elements x   such that their membership functions exceed 

or equal to a real number  [0, 1), i.e.  =   



 


x),1,0[,x:x ~ . 

 

3.  Formulation of fuzzy goal programming having fuzzy parameters 
 
Consider the following fuzzy optimization problem: 

Minimize
~

    = 


 





 

~~

2

~

1 C,...,C,C    (1)  

subject to  S = {n  0,
~~

 },  (2)        

where  K ..., 2, 1, kC
~

k   are n-dimensional vector, 
~

  is an m-dimensional vector, 

~

  is an m  n matrix, and
~

kC ,
~

 , and 
~

  are fuzzy numbers. Here, the symbol denotes 

respectively , =, and . = (X1, X2, …, Xn)
T. Consider that the problem represented by (1) 

has fuzzy coefficients, which have possibilistic distributions. Assume that 


 be a solution of 

(1) where )1,0[ represents the level of possibility at which all fuzzy coefficients is feasible. 

 
 

Let 





 ~

R


be the  -cut of a fuzzy number 
~

R defined by  

  





 ~

R


=






 






 )1,0[, r)(RSupp r ~

R

~

   (3) 

where 





 ~

RSupp  is the support of 
~

R . Let 
L~

R 









and 
U~

R 









 be the lower bound 

and upper bound of the  -cut of 
~

R respectively such that 
L~

R 









 





 ~

R



U~

R 









 (4) 
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 Then, for a prescribed value of , for minimization-type objective function,  k

~

 

(k = 1, 2, …, K) can be replaced by the lower bound of its -cut i.e.  

 
L

k

~







 



= j

n

1j

L~

kjC 











  (5)  

Similarly, for maximization-type objective function,  k

~

 (k = 1, 2, …, K) can be 

replaced by the upper bound of its -cut i.e.   
U~

k 





 



= j

n

1j

U~

kjC 











  (6)  

For inequality constraints 
~

i

n

1j
j

~

ij 


, i = 1, 2, …, m1,   (7)  

and  ,
~

i

n

1j
j

~

ij 


 i = m1+1, …, m2,   (8) 

can be rewritten by the following constraints: 

j

n

1 j

U~

ijA 












L~

i 








, i = 1, 2, …, m1   (9)  

j

n

1 j

L~

ijA 











  
U~

i 








, i = m1+1, …, m2  (10)  

For fuzzy equality constraints 
~

i

n

1j
j

~

ij 


 i = m2+1, …, m,   (11)  

can be replaced by two equivalent constraints 

j

n

1 j

L~

ijA 











  
U~

i 








    (12) 

and  j

n

1 j

U~

ijA 












L~

i 








   (13)  

For proof of equivalency of (11) with (12) and (13), see Lee and Li [12].  
Therefore, for a prescribed value of , the problem represented by (1) can be 

transformed to the following problem: 

Minimize  
L

k

~













= j

n

1j

L~

kjC 











, k = 1, 2, …, K,    (14) 

subject to j

n

1 j

U~

ijA 












L~

i 








, i = 1, 2, …, m1, m2+1, …, m,  (15) 

j

n

1 j

L~

ijA 












U~

i 








, i = m1+1, …, m2, m2+1, …, m,    (16)  

Xj 0, j = 1, 2, …, n.         (17)  
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For simplicity, denote the system constraints (15), (16) and (17) as S`. 
For a prescribed value of , the problem (14) reduces to a deterministic linear 

programming problem with multiple objectives, which can be solved by applying the FGP 
proposed By Pramanik and Roy [14, 16].   

The resulting membership functions for minimization-type objective functions are 
defined as: 

  kk
  = 

 

    O
kk

n

1 j
j

L~

kjk C













 















, k = 1, 2, …, K, (18) 

where the aspired level  Ok


 and highest acceptable level  k


 are ideal and 

anti-ideal solutions, respectively, which can be obtained by solving each of the following 
problem independently: 

 O
k


= j

n

1j

L

kj

~

S`
CMinimize  












,        (19) 

 k


= j

n

1j

U

kj

~

S`
CMaximize  












, k = 1, 2, …, K.    (20)  

For maximization-type objective function, ideal and anti-ideal solutions can be 
similarly obtained. 

Assume that all of the fuzzy coefficients are trapezoidal fuzzy numbers. Trapezoidal 

fuzzy number 
~

R  can be defined as: 
~

R = (r(1), r(2), r(3), r(4)) and the membership function of the trapezoidal fuzzy number 
(see Figure1) will be interpreted as follows: 

 r~
R

  = 














































(4)

(4)(3)
(3)(4)

(4)

(3)(2)

(2)(1)
(1)(2)

(1)

(1)

rr,0

,rrr,
rr

rr

,rrr,1

,rrr,
rr

r-r

,rr,0

     (21)  

So, an -cut of 
~

R [12] can be expressed by the following interval  







 ~

R


=



























U~L~

R,R


=             434112 r )r(r,r)rr(    (22)  
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 r~
R

  

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Trapezoidal fuzzy number 
~

R = (r(1), r(2), r(3), r(4)) 

It is to be noted that when r(2)
 = r(3), 

~

R  transforms into  the triangular fuzzy number, 
specified by  (r(1), r(2)

 = r(3), r(4));  
 

        r~
R

  

 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Triangular fuzzy number 
~

R = (r(1), r(2)= r(3), r(4)) 
 
For given value of , the main interest of the decision maker is to maximize the 

degree of membership function of the objectives and constraints to the respective fuzzy goals 
i.e.  

Maximize    kk
         (23) 

subject to    0    
kk   1,       (24) 

 S`          (25) 
Here one can adopt Bellman- Zadeh’s [6] fuzzy decision based on minimum 

operator.  

2r  3r 4r
1r  

r(1) r(4)r(2) = r(3)
0 

1

0 

1 
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D ( ) = 
K

1k 
   kk

 ,  S`      (26) 

 
The problem (23) can be transformed to the following problem: 
Max            (27)

  

    kk
 , k = 1, 2, … , K,       (28) 

 S`          (29) 

  kk
 [0, 1]         (30) 

where  represents minimal acceptable degree of objectives. 
 
The problem (27) can be transformed into linear goal program. The highest value of 

a membership function is 1. So for the defined membership functions in (27), the flexible 
membership goals having the aspired level unity can be represented as:  

   kk
  + 

kD - 
kD = 1, k =1, 2, ..., K.     (31) 

Here 
kD , 

kD  are negative and positive deviational variables with 
kD  

kD = 0. (32) 

 Any positive deviation from a fuzzy goal implies the full achievement of the 
membership value unity. Therefore, we assign only negative deviational variables in the 
achievement function. Therefore, (31) can be written as  

     kk


 + 
kD = 1       (32) 

Pramanik and Roy [15] used inequality sign for FGP model that is      kk
 + 


kD   1  for dealing with multilevel programming problem. Since 

kD  0 and there is no 

possibility of positive deviation, 
kD = 0. Therefore, we omit the extra positive deviational 

variable and use equality sign as (32).  
Under the framework of minsum goal programming, the FGP model of the problem 

can be explicitly formulated as: 
Model (1): 

Minimize             (33) 

subject to 

 

 

    O
kk

n

1 j
j

L~

kjk C

























 





 + -
kD  = 1, k = 1, 2, …, K, (34) 

j

n

1 j

U~

ijA 












L~

i 








, i = 1, 2, …, m1, m2+1, …, m,   (35) 

j

n

1 j

L~

ijA 












U~

i 








, i = m1+1, …, m2, m2+1, …, m,    (36) 

λ  -
kD , k = 1, 2, …, K,        (37)  

Xj 0, j = 1, 2, …, n,        (38) 
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-
kD   0, k = 1, 2, …, K.       (39)  

Model (IIa): Minimize   = ( ∑  D  w
K

1k 

-
k

-
k


)     (40)   

and Model (IIb): Minimize  = ∑D
K

1k

-
k


      (41) 

subject to the constraints given by (34), (35), (36), (38), and (39) 
Using the interval expression (22), the problem (33) can be written as: 

Minimizeλ  (42) 
subject to 

         
    O

kk

n

1j
j

1
kj

2
kj

1
kjk .CCC










 






 + -
kD  = 1, k = 1, 2, …, K,  (43) 

               m, , 1,m , m , 1,  i, 21
1

i
2

i
1

ij
3
 ij

4
 ij

4
 ij      (44) 

               m, , 1,m ,m , , 2, 1,m  i, 221
3

i
4

i
4

ij
1
 ij

2
 ij

1
 ij  (45) 

   -
kD , k = 1, 2, …, K,          (46) 

Xj   0, j = 1, 2, …, n,                                                                           (47)                         
-
kD  0, k = 1, 2, …, K.                (48) 

Similarly, using the interval expression (22), the problem (40) and (41) can be written 
as 

Minimize   = (


K

1k 

-
k

-
k  D  W )       (49) 

and Minimize  = 



K

1k
k D         (50)  

subject to the constraints  given by (43), (44), (45), (47), and (48). 

Numerical weight 
kW associated with negative deviational variable is defined by  


kW  = 1/     O

kk   
, k = 1, 2, …, K     (51)  

 

In Model (IIa), numerical weight 
kW  (k = 1, 2, …, K)is the reciprocal of the 

admissible violation constant. The numerical weight associated with negative deviational 
variable represents the relative importance of achieving the aspired level of the fuzzy goal. 

The larger admissible violation of constants     O
kk   

 indicates less important k-th 

fuzzy goal. i.e. the larger numerical weight 
kW  = 1/     O

kk   
, (k = 1, 2, …, K) 

indicates the more important of the k-th fuzzy goal.  When the numerical weights associated 
with the negative deviational variables are all equal to unity, then Model (IIa) and Model (IIb) 
become identical. Therefore, Model (IIb) is a special case of Model (IIa). 
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4. Formulation of BLPP 
 
A BLPP can be defined as a two- person game with perfect information in which each 

DM moves sequentially from upper level to lower level. This problem has a nested 
hierarchical structure with two levels of DMs. We consider a BLPP having maximizing type 
objective function at each level. Mathematically, the problem can be stated as: 

 
1

X Maximize 1


  = 11

~

C 1X  + 12

~

C 2X            (Upper level DM’s problem)  (52)  

 
2

X Maximize 2


  = 21

~

C  1X  + 22

~

C 2X            (Lower level DM’s problem) (53) 

subject to 

1

~

 1X  + 2

~

 2X   
~

         (54) 

1X   0 , 2X   0 ,                (55) 

1X  = {X 1
1 , X

2
1 , …, X 1

1
 }T : decision variables under the control of ULDM  

2X  = {X 1
2 , X

2
2 , …, X 2

2
 }T: decision variables under the control LLDM 

  = (Z1, Z2)
 T, and T denotes transposition; 

~

C = 







21

~

11

~

C

C
      








22

~

12

~

C

C
  is the vector of 

coefficient vectors represented by fuzzy parameters. 

Where 1

~

  is M  N1 and 2

~

  is M  N2 matrix, B is the M component column 

vector. X  = 1X   2X  is the set of decision vector, N = N1 + N2, total number of decision 

variables in the system and M is the total number of the constraints of the problem. Z1, Z2 
are linear and bounded.  

 
4.1. Characterization of Membership Function of BLPP 
In the decision making situation, each DM is interested in maximizing his or her own 

objective function. So, the optimal solution of each DM when calculated in isolation would 
be considered as the aspiration level of each of the respective fuzzy objective goals. For a 
prescribed value of , to construct membership function for maximization-type objective 

function,    i

~

 (i = 1, 2) can be replaced by the upper bound of its -cut i.e. 

  
U~

i 





 



= j

2

1j

U~

ijC  











 , i= 1, 2     (56) 

For inequality constraints, 1

~

 1X  + 2

~

 2X   
~

 , we write 

    
L

1

~











1X  + 
L

2

~











2X   
U~











     (57) 

Therefore, for a prescribed value of , the problem reduces to the following 

problem: 
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1

Maximize


 
U~

1 





 



=
1

Maximize


 j

2

1j

U~

1jC 











,    (58)  

2

Maximize


 
U~

2 





 



 =
2

Maximize


j

2

1j

U~

2jC 











,    (59) 

 subject to  

   
L

1

~











1X  + 
L

2

~











2X   
U~











      (60) 

1X   0 , 2X 0 ,        (61) 

 
For simplicity, denote the system constraints (60) and (61) as S.  
For a prescribed value of , the fuzzy BLPP reduces to deterministic BLPP, which can 

be solved by using FGP models discussed in section 3.  

Let (
1
2

1
1 X,X ;    Z

U

1


) and (
2
2

2
1 X,X ;    Z

U

2


) be the individual optimal decision 

of the DMU and DML respectively when calculated in isolation,  

where    Z
U

1


=
S

Maximize  
U~

1 





 



= 
S

Maximize j

2

1j

U~

1jC 











  (62)  

and    Z
U

2


=
S

Maximize   
U~

2 





 



 =
S

Maximize  j

2

1j

U~

2jC 











 (63)  

If the individual optimal solutions are identical, then optimal compromise solution is 
automatically reached. However, this rarely happens due to the conflicting objectives. Then 
the fuzzy objective goals of the ULDM and LLDM appear as: 

 
U~

1 





 



~
    Z

U

1


,  
U~

2 





 



~
    Z

U

2


;  

To formulate membership functions for the maximization type objective functions, we 
define: 

   Z
LW

1


= 

S
Minimize  

L~

1 





 



= 
S

Minimize j

2

1j

L~

1jC 











  (64) 

   Z
LW

2


= 

S
Minimize  

L~

2 





 



= 
S

Minimize j

2

1j

L~

2jC 











   (65) 

where    Z
U

i


,    Z
LW

i


, (i = 1, 2) are best and worst or ideal and anti-ideal 

solutions respectively. 
Then the resulting membership functions can be defined as: 

  U

ii 


=

    
    

   
      

     































LW
i

U

i

UB
i

U

i

LW
iLW

i

UB
i

LW
i

U

i

UB
i

U

i

if ,0

if ,

 if ,1











, (i=  1, 2)  (66) 
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Figure3. Membership function for objective function  
U~

i 





 



 (i = 1, 2). 

 
In BLPP, Mishra [13] considered arbitrary relaxations on decision variables provided 

by DMs by providing preference bounds on the decision variables. In the proposed 
approach, DMs provide the upper and lower bounds on the decision variables under their 

control. Suppose   i
B
i R ,   i

B
i R  (i = 1, 2) are the upper and lower bounds of 

decision vector provided by the i-th level DM where 
B
i is the individual best solution when 

calculated in isolation. Here, 

iR and 


iR  are the negative and positive tolerance vectors, 

which are not necessarily same. Generally i  lies between   i
B
i R  and   i

B
i R . DMs 

may prefer to shift the range of  
B
i  which may be left of 

B
i  or right of 

B
i  only 

depending on the needs and desires of the level DMs in the decision making situation.  For 

example, if iX  = 0 , then iX  should lie on the right of 0 .  Then DM should assign 

iR   

0 , 

iR    0  and 


iR   


iR .If the DM wants the shift towards left of 

B
i , then 


iR  should 

be assigned positive value while 
+
iR  should be assigned a negative value i.e. 


iR   0 , 


iR  

 0  and 

iR   


iR . Similarly, if the shift is required to right of

B
i , then DM should assign 


iR   0 , 


iR    0  and 


iR   


iR .  

Therefore,   i
B
i R Xi    i

B
i R , (i=1, 2)    (67) 

 
4.2. Formulation of FGP Model 
The proposed FGP formulation can be presented as: 
Model (I): 

Minimize            (68) 

subject to 

O 

1 

 UB
i


    LW

i


   

  UB
i X

  

  U

ii 

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  




 

 U

ii  + -
iD  = 1, (i = 1, 2)      (69)  

  i
B
i R Xi    i

B
i R , (i =1, 2)      (70)  

L

1

~











1X  +
L

2

~











2X   ,
U~











      (71) 

   -
iD  , (i = 1, 2)        (72) 

-
iD 0 , 1X   0 , 2X   0        (73)  

Model (IIa): Minimize   = 


2

1 i

-
i

-
i  D  W       (74)  

and Model (IIb): Minimize  = 


2

1i

-
iD       (75)  

  subject to  the constraints   (69), (70), (71), (73) 

The numerical weight -
iW =1/[    LW

i

UB
i 


] associated with negative 

deviational variable is determined as discussed in section 3.  By solving FGP formulations 
(68), if the DMs are satisfied with this solution, then a satisficing solution is reached. 
Otherwise, the DMs should provide new tolerance limits for the control variables until a 
satisficing solution is reached. In general, considering a set of possible relaxation offered by 
DMs, the solution becomes satisficing for both level DMs. Similarly, other two FGP 
formulations are solved. 

 

5. Selection of compromise solution  
 
The concept of utopia point (the ideal-point) and the use the distance function for 

group decision analysis has been studied by Yu [23]. Since the aspired level of each of the 
membership goals is unity, the point consisting of the highest membership value of each of 
the goals would represent the ideal point. The distance function can be defined as:  

LP
 =     p/1K

1k

pU

kk∑ -1 



 




, p ≥ 1; (k = 1, 2, …, K).       (76) 

  Where   




 

U

kk


  is the membership value for the solution . Here, we 

consider p =1, 2,   only. Now, it can be easily realized that the solution for which Lp is 
minimum would be the most satisfactory solution. Here, distance function is used only to 
identify which FGP model (Model I, Model IIa, Model IIb) gives better optimal solution.   
 

6. FGP algorithm for BLPP with fuzzy parameters 
 
Step1. For specified value of  , to construct membership functions for the objective 

functions of the DMs, the upper and lower bounds of their  -cuts are defined. Similarly, for 

inequality constraints, upper and lower bounds of their  -cuts are defined. 

Step2. Calculate the individual maximum and minimum values for lower and upper 
 -cuts of the objective functions subject to constraints (60) and (61).  
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Step3. Determine the weight -
iW =1/[    LW

i

UB
i 


], (i = 1, 2).  

Step4.  Construct the membership function   




 

 U

ii , (i = 1, 2). 

Step5. Consider the preference bounds on the decision vectors provided by the 

decision makers under their control such that   i
B
i R Xi    i

B
i R , (i =1, 2). 

Step6. Formulate the three FGP models. 
Step7. Solve the three FGP models. 
Step8. Compute the distance function for optimal solution obtained from three 

models. 
Step9. Find the optimal solution for which the distance function is minimal. This 

optimal solution will be the compromise solution for the BLPP. 
 

 
7. Numerical Example 

4

~

3

~

2

~

1

~

1
X,X

2465Maximize
21
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~
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4298ZMaximize
43

                       (Lower-level) 

subject to  

0,,

3022

35242

40323

432,1

~

4

~

32

~

1

~

4

~

32

~

1

~

~

4

~

32

~

1

~


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



        (77) 

where all the fuzzy numbers are assumed as triangular  fuzzy numbers and are given 
as follows: 

)45,40,35(0
~

4),37,35,33(5
~

3
),32,30,28(0

~
3),10,9,8(9

~
),10,8,6(8

~
),7,6,5(6

~
),6,5,4(5

~
),5,4,3(4

~
),4,3,2(3

~
),3,2,0(2

~







 

By replacing the fuzzy coefficients by their  -cuts, problem (77) can be written as  

 

  4X)5(3X)3(2X)10(1X)210( Maximize

X)3(X)5(X)7(X)6( Maximize 

U
2

4,3

4321
U

1
2,1
















 

subject to  
(2+ ) X1 +2 X2 +X3+ ((2+ ) X4 45-5  

2  X1+(3+ )X2 +X3+2 X4 37-2  

X1 +2 X2 +X3+2 X4 32-2  

X1, X2, X3, X4 0 
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For,   = .5, let the decision makers provide the preference bounds to the decision 

variables  
0   X1 15,  
0   X2 4,  
0   X3 10,   
0  X2 4 
Then FGP Model (1) offers the solution  

* =0.1220651, *
1X  =11.57139, 

*
2X = 4, *

3X = 9.571533, *
4X = 0 with Z *

1 = 

132.7145, Z *
2 =166.0713, 

1
 = 0.8779349, 

2
 = 0.8779349, L1= 0.2441301, L2 = 

0.1726261, ∞L = 0.1220651            

 
 
 
 
FGP Model (IIa) offers the solution 

 * = 0.1422829E-02, *
1X =11.4, 

*
2X = 4, *

3X = 10, *
4X = 0; 

 Z *
1 = 133.7, Z *

2 =165.6, 
1

 = 0.884454, 
2

 = 0.8754433, L1= 0.2401026, L2 = 

0.1698977, ∞L =0.1245567.          

FGP Model (IIb) offers the solution 

 *  = 0.2401026, *
1X =11.4, 

*
2X = 4, *

3X = 10, *
4X = 0; 

 Z *
1 = 133.7, Z *

2 =165.6, 
1

 = 0.884454, 
2

 = 0.8754433, L1= 0.2401026, L2 = 

0.1698977, ∞L =0.1245567.          

Table1. Comparison of distances for the optimal solutions of example 1 based on 
FGP Models 

Meth
od 

Z *
1 , Z *

2  
1Ζ

μ ,    
2Ζ

μ  L1 

L

2 

∞L
 

FGP 
Mod

el (I) 

  132.7145, 
166.0713    

.8779349, 
.8779349 

.24
41301 

.
172626
1 

.1
220651 

FGP 
Mod

el (IIa) 
133.7, 165.6 

.884454, 
.8754433 

.24
01026 

.
169897
7 

.1
245567      

FGP 
Mod

el (IIb) 
133.7, 165.6 

.884454, 
.8754433 

.24
01026 

.
169897
7 

.1
245567      

 
On comparing L1, and L2 we see that FGP model (IIa) and (IIb) offer better optimal 

solution. On comparing, ∞L  we see that FGP model (I) offers better optimal solution. 
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8.  Conclusions 
 
In this paper, FGP due to Pramanik and Roy [14, 16] is slightly modified and applied 

for solving BLPPs with fuzzy parameters. It is an alternative way to solve BLPPs with fuzzy 
parameters. Distance function is used to identify which FGP model offer better compromise 
optimal solution. The proposed approach can be extended to optimization problems in 
different areas, such as decentralized planning problems, agricultural planning problems 
and other real world multi-objective programming problems involving fuzzily described 
different parameters. The proposed approach can also be extended for multilevel multi-
objective programming problem with fuzzy parameters. 
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Abstract: 
Since the 1960s, The United States has experienced increased income inequality. 

Economist Robert Frank has argued that this increase in inequality has resulted in an 
expenditure cascade as people have tried to maintain their relative socioeconomic statuses by 
imitating the spending patterns of those in their reference groups. Although some researchers 
have tried to empirically determine the extent to which Frank’s assessment is correct, none 
have focused on the implications of Frank’s argument for the dynamics of consumption. That 
is, none have focused on how time series of measures of consumption should look, assuming 
Frank is right. This paper does exactly that. Drawing on a mathematical model from 
population biology, it is argued that if Frank is correct, measures of consumption should 
exhibit exponential growth. It was found that the exponential growth models provided 
excellent fits to available data on United States consumption measures.   

Key words: Spending Explosion; indicators; Positional Externalities; Exponential 
Consumption Growth 
 

 
In 1967, the lowest quintile of United States (U.S.) households had 4.0% of 

household income, the next fifth 10.8%, the fifth above that one 17.3%, the next fifth 24.2%, 
and the highest fifth 43.6% of household income. By 2009, these percentages had changed 
to 3.4%, 8.6% 14.6%, 23.2%, and 50.3%. That is, the top fifth of households went from 
having about 11 times more income to 15 times more than the bottom fifth (U.S. Census 
Bureau, 2010). U.S. economist Robert Frank has argued that this growth in income 
inequality has led to what he calls expenditure cascades resulting from positional 
externalities. Positional externalities result when the consumption patterns of some people 
influences what others desire to consume. That is, A may consume something and, because 
B judges how well off he4 is by comparing what he has to what A has, B decides to consume 
it too. As will be seen below, this can lead to a cascade of “imitative spending” where A buys 
something which leads B to buy it because B compares herself to A. But because B buys it, 
this lads C to buy it because C compares their status to B’s, etc. (Frank, 2010a and Frank 
2010b). 

A number of researchers have taken an interest in Frank’s work on positional 
externalities and conducted empirical work in an effort to assess the degree to which it they 
exist (Vendrik and Hirata, 2010; Fischer and Torgler, 2010; Torhler, Schmidt, and Frey, 
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2010, Rablem, 2008; Brown, Bulte, and Zhang, 2010; Schaffner and Torgler, 2010; Solnick 
and Hemenway, 1998). There has been little work, however, on the implications of the 
existence of such externalities, and associated expenditure cascades, for trajectories of 
consumption. This paper focuses on such implications. It will argue that expenditure 
cascades can result in spending patterns similar to what is found in “runaway” population 
growth, and that, therefore, a mathematical model often used in population biology is 
applicable to modeling the dynamics of several measures of consumption in the U.S. 

 

Positional Externalities and Expenditure Cascades 
 
Frank (2010a and Frank 2010b) provides an extensive discussion of the concepts of 

positional externalities and expenditure cascades. Externalities, in general, exist when market 
transactions affect others whom are not parties to these exchanges. For example, a firm may buy 
someone’s labor to use in production of some consumption good. The firm benefits from having 
access to labor, the worker benefits from having access to a job, and consumers benefit from 
having access to the good. But suppose a by-product of production of the good is some kind of 
pollution. Those who are not owners of the firm, employees at the firm, or consumers of the 
product, but in the vicinity of the firm, suffer from this pollution, the resulting externality. 

Frank relates this notion of externality to the increase in income inequality referred to 
above. Similar to many sociologists, he tells us that people often judge how well they are doing 
by comparing their state to those in their reference group. Members of one’s reference group 
may be in the same socioeconomic class one is in or in a class slightly above it. Given that this is 
the case, if a member of one’s reference group, say A, consumes a good, this may lead others in 
that group to consume the good as well. This is because if A consumes the good and B does not, 
A may now be relatively better off than B, with, of course, B being relatively worse off than A. In 
other words, A’s consumption has altered the relative standing of B, and this is the sense in 
which there is a positional externality. As suggested above, Frank’s key insight comes from 
considering how increasing inequality can affect this process. As the rich come to possess more 
of a nation’s total household income, their expenditures tend to increase. This may lead others, 
even those of slightly less socioeconomic means, to increase their spending in order to regain a 
loss in their relative position. This may, in turn, lead others, even lower on the socioeconomic 
ladder, to increase their spending for the same reason. This process may cascade all the way 
down the socioeconomic ladder, at least well into the middle class, as people try to maintain 
their relative position by comparing what they have to what others have. 

Frank’s focus seems to be on how this process gets started by a change in spending on 
the part of the rich. But if people judge how well they’re doing by comparing what they have to 
what those slightly above them have, it’s also the case that the better off may judge how they’re 
doing by comparing themselves to what others slightly below them have. If all of these upward 
and downward comparisons obtain, there may end up a situation where we have a perpetual 
expenditure cascade. Increased spending generates more spending, which generates more 
spending, etc. This description of an expenditure cascade has the “markings” of a “runaway” or 
“out of control” growth process. One of the more common of such processes, discussed in the 
scientific literature, is exponential population growth, such as that associated with bacteria and 
other organisms when there are no constraints on such growth or those constraints are not yet 
binding. In the biological literature (Gotelli, 2001) such growth is modeled with the following 
differential equation: 
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 dN/dt = rN         (1) 
 
Here N is the number of individuals in the population at time t, t is time, and r is a 

constant called the instantaneous rate of increase. In more detail, r = b – d, where b is the 
instantaneous birth rate and d the instantaneous death rate. When b = d, it can be seen 
from equation 1 that the population is constant over time, when d exceeds b the population 
is declining, and when b exceeds d, it is growing. Thus, runaway growth implies that b must 
exceed d.                               

Equation 1 is an ordinary differential equation that can be solved analytically by the 
separation of variables method. If we divide both sides of the equation by dt and N and 
integrate, we get:  

  
Nt = N0e

rt        (2) 
 
where N0 is the population size at time 0 or the initial population size. Equation 2 is 

the mathematical representation of exponential growth. This equation is used to model 
growth in many areas of science but the use that’s most relevant to this paper is its use in 
modeling population dynamics. 

According to biologists, the exponential model of population growth applies when 
there are no density-independent or density-dependent checks on growth or when these 
checks are not yet binding. Examples of density-independent checks would be droughts, 
hurricanes, and other weather related and climatic phenomena. Examples of density-
dependent checks would be the presence of other organisms whether members or one’s 
own species or not. 

The expenditure cascade described above can lead to dynamics represented by 
equations 1 and 2. If we replace N with C we end up with: 

 
 dC/dt = rC        (3) 
 and  
 Ct = C0e

rt        (4) 
 
Here C is a measure of real (inflation adjusted) consumption and C0 is real 

consumption at time 0 or initial consumption. 
Many people, of course, have incomes that are too constrained for them to be able 

to engage in the expenditure cascade without access to borrowed money. Thus, if the 
exponential model holds, we should see exponential growth in measures of debt as 
consumers try to maintain their relative socioeconomic statuses. That is we would expect: 

  
dCdebt/dt  =  rCdebt         (5) 
Ctdebt  = C0debte

rt         (6) 
 dM/dt = rM         (7) 
 Mt = M0e

rt        (8) 
 
Here Cdebt is a measure of real consumer debt, C0 is real consumer debt at time 0, M 

is a measure of residential mortgage debt, and M0 is residential mortgage debt at time 0.  
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From a qualitative point of view, equations 3-8 represent a system of runaway 
spending financed by runaway debt all in an effort to “keep up with” and “stay ahead of the 
joneses.” The question to ask, of course, is whether available data are consistent with such a 
representation. 

 

Data 
 
The Economic Report of the President (2010) is a yearly document written by the 

Chairman of the Council of Economic Advisers in an effort to highlight the nation’s economic 
progress. The report contains tables of all kinds of data that purports to measure important 
economic variables (Government Printing Office, 2010). Four of these tables (Tables B-16, B-
60, B-76, and B-77) provided the data for this paper. B-16 contains data on personal 
consumption expenditures ($billion/year), B77-on consumer debt ($million/year), B-76 on 
mortgage debt ($billion/year), B-60 on the consumer price index (a pure number). The time 
periods covered by these data differed so in order to conduct the analysis, I used the years 
1965 to 2008 because these were the years for which data were available for all four 
variables.  

The first three tables mentioned above contained nominal data. If I had simply based 
my analysis on these nominal time series, it would have been misleading. I suspect that 
Frank’s concern regarding expenditure cascades is about real expenditures. That is, he’s not 
just interested in spending increases that result merely from higher prices or inflation. He’s 
concerned about how people are really increasing their spending not because they face 
higher prices but because they want to maintain their relative statuses by keeping up with 
and (I added) staying ahead of the joneses. An analysis based on an adjustment to these 
nominal variables seemed to be the better way to proceed. 

To adjust personal consumption, consumer debt, and mortgage debt for inflation, I 
followed the standard method of dividing them by the decimal form of the consumer price 
index. These adjusted variables are the focus of the analysis discussed below. 

 
Analysis and Results 
 With equations 3-8 in mind, I fit three exponential models to the Economic 

Report of the President data displayed in Figures 1, 2, and 3. 
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Figure 1 Time Series of Inflation Adjusted Personal Consumption Spending 

 
 

 
 
Figure 2 Time Series of Inflation Adjusted Mortgage Debt 



  
Quantitative Methods Inquires 

 
30

 

 
Figure 3 Time Series of Inflation Adjusted Consumer Debt 

 
 
Figure 1 displays the time series data on inflation adjusted personal consumption 

and the exponential model fitted to these data. The equation for this model is: 
 
  Ct = 1419e.03t        (9) 
 
The adjusted r2, a measure of goodness of fit, for this model was .99, about as good 

as it gets for models of social processes.  
Figure 2 shows the time series for inflation adjusted mortgage debt. The equation 

fitted to these data was: 
  
Mt = 955e.04t        (10) 
 

The adjusted r2 for this model was .97, also an excellent fit. 
Lastly, Figure 3 displays the series for inflation adjusted consumer debt with the 

following fitted model: 
 
 Ctdebt = 275681e.03t       (11) 
 
The fit of this model was .96, a slightly worse fit than the first two models but still 

excellent by social science standards.  
All of these models were fitted to relatively short available time series. Ideally, one 

would want to use them to make predictions and then test these against real data that were 
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not used to construct the model. Such data are not yet available, however, so this use of the 
models will have to await future work. 

 

Discussion 
 
Economist Robert Frank has insightfully connected increasing income inequality to a 

cascade of competitive spending, as people try to maintain their relative standing or status. 
Although there has been a good deal of work to assess Frank’s idea, there has been little on 
what should be expected of the dynamics of consumption measures, assuming he is right. It 
was argued that the expenditure cascade he describes sounds a lot like descriptions of 
runaway population growth and that the same exponential model used to describe 
population explosion might also be relevant to what might be called expenditure explosion. 
Time series data on inflation adjusted personal consumption, consumer debt, and mortgage 
debt seemed to be well fit by exponential models, although the fit for consumer debt was 
slightly worse than for the other two models.  

I stated earlier in this paper that the exponential model of population growth applies 
when there are no constraints on such growth or they are not yet binding. Frank (2010a) 
and Frank (2010b) propose a policy induced constraint on exponential consumption growth. 
He argues that an increased marginal tax rate on the rich may constrain their consumption 
enough that their role as the engine of the expenditure cascade will be disrupted. Of course, 
other economic changes may curtail exponential expenditure growth too. In fact, this may 
already be happening. The U.S. (and much of the rest of the world) has just gone through 
and are still feeling the effects of the worse economic downturn since the Great Depression. 
High unemployment, high mortgage foreclosure rates, and increased savings have resulted 
from this increase (Mui, 2010; Nance, 2010; and U. S. Department of Labor, 2010). It 
remains to be seen whether these will check exponential consumption growth, as increased 
population density or bad weather might check such growth in a biological population. 
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Abstract: 
Present realities show that the 21st century is the period of the greatest discoveries and 

transformations of the human civilization but, at the same time, of the most complex and, 
quite often, unsuspected effects on life. The demographic explosion and the unprecedented 
progress of all activity branches were naturally followed by an increase in the demand for raw 
materials and energy, and this in turn showed the need for thoughtful exploitation of natural 
resources so that the development of society may be a sustainable one. Moderate exploitation 
of resources has become essential given the fact that the sustainable development of human 
society directly depends on the sustainable exploitation of natural resources. A sustainable 
exploitation of resources leads to the preservation of biodiversity and atmospheric stability as 
well as to a steady base of resources.  

Key words: Natural resources, sustainable development, sustainable exploitation, 
biodiversity, demographic explosion, the Brundtland Report 
 

 

Motto: 
To waste, to destroy our natural resources, to skin and exhaust 
the land instead of using it so as to increase its usefulness 
will result in undermining in the days of our children the very prosperity 
which we ought by right to hand down to them amplified and developed. 

(Theodore Roosevelt*) 
 
In a world of constant changes and witnessing an unprecedented demographic 

explosion, natural resources, both regenerating and non-regenerating, and their efficient 
exploitation often come to the society’s attention. 

The present paper aims to analyze the way in which natural resource exploitation 
affects the environment and to come with viable solutions leading to an efficient exploitation, 
following the requirements of sustainable development. 

Natural resources represent the total mineral and ore deposits, cultivable lands, 
forests and waters that a country possesses,1 which means that natural resources are 
substances that appear naturally and which are considered valuable in their natural form, 
without being modified. Natural resources are considered to be land, forests/wood, minerals 
and other natural goods which, when extracted from their natural environment, can be 
transformed in goods the use of which implies their direct consumption. A country’s natural 
resources determine not only its wealth, but also its status in the world economic system, by 
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determining its political influence. Developed states are less dependent on natural resources 
for wealth because they have a base in the infrastructure capital for production.  

Resources represent physical or abstract elements which, from a dimensional 
standpoint, are characterized by four attributes: quantity, quality, time and space.2 Resources 
are used in order to meet human necessities. In other words, natural resources are 
environmental goods drawn into the economical circuit in order to produce goods and 
services necessary to man.  

Throughout history, natural resources have had an important influence over the 
evolution of the human society, over the development of national economies and that of the 
world economy. Today, the increasing need for physical resources represents a concern for 
scientists (most of the resources are non-regenerating, thus being “the factor that limits the 
lifespan of the human species”). 3 Even resources that are, in theory, regenerating can 
become, almost totally and irreversibly, non-regenerating when one considers pollution,4 
and in the contemporary society’s development pollution is more and more present. 

As a whole, resources can be grouped in three big categories: 
 human resources (the population); 
 natural resources (solar radiation, water, air, plant and animal life, soils, 

mineral substances in the soils, rocks, fossil fuels and ores); 
 capital resources;5 
There are several factors that determine this division of natural resources. They 

concern both the duration of the use of the resource as well as the degree of knowledge 
about them or their origin. A classification of natural resources according to the above-
mentioned factors is presented in the following table. 
 
Table 1. Natural resource classification 
 
 
 
After the duration of 
their use 

 non-regenerating resources – limited natural resources 
presenting the risk of exhaustion (oil, methane gas, coal) and ores; 
 regenerating resources – resources that replenish in time; 
normally, this category is represented by living things that can grow 
back (fish, forests etc.) and can, through rational use, be used on an 
unlimited basis; soil, water, wind, tides and solar radiation are also 
included here, even if they are not alive; 

 
 
After the degree of 
knowledge 

 set resources – resources known in detail; 
 estimated resources – resources only partially known, on the basis 
of analogy with other know resources or of research made in isolated 
places; 
 potential resources – resources not yet identified but with the 
chance of being discovered in a more or less near future as a result of 
research; 

 
After the type of 
management 

 resources in private property – resources managed by 
economical agents in a decentralized way; 
 resources in public property – resources managed by the state or 
leased to economical agents; 

 
After their origin 

 biotic resources, derived from animals and plants; 
 abiotic resources, derived from earth, air, water etc. (this category 
also includes mineral and energetic resources); 

After their effects  polluting resources (oil, coal etc.); 
 non-polluting resources (solar energy); 

Source: replica after Vlăsceanu, G. Economical World Geography, course notes, 2012 

 
Today the problems regarding the sustainable use6 of natural resources has become 

essential to the ends of sustainable development of the human society, and the careful 
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management of natural resources represents one of the fundamental objectives of 
sustainable development. The two concepts, sustainable development of the human society 
and the exploitation of resources, influence each other in the sense that the very essence of 
sustainable development derives from the present and future ways of managing natural, 
energetic, material and information resources. The theory of sustainable development7 is 
relatively new, having appeared almost 40 years ago8 as a response to environmental 
problems and the natural resource crisis, and is growing. An attempt at defining the concept 
of sustainable development came in 1987 when the Brundtland Commission, approaching 
themes such as man’s interdependence with the environment, the need for a global vision 
and for common principles, the connections between economic and social growth and 
environmental protection, put together the Brundtland Report, called “Our Common Future”. 
By trying to find a reconciliation between the environment and economy, the report tries to 
find a development path that sustains human progress not only in several places and for 
several years, but for the entire planet and for a distant future.9 In the vision of the report, 
sustainable development is seen as a process of change, in which resources are exploited, 
the direction for investments is chosen, development technologies are oriented and the 
institutions act in synchronization, improving a potential future for human needs and desires 
or, in other words, sustainable development means meeting the needs of the current 
generation without compromising the ability of future generations to meet their needs. 

The concept of sustainable growth is a holistic one, combining social, economical 
and natural aspects and involving two of humanity’s fundamental problems: the ability to 
create and to destroy.10 This concept designates all forms and methods of social and 
economic development whose fundamental principle is, above all else, assuring a balance 
between social and economical elements and the natural capital. The roots of sustainable 
development can be found in promoting the sustainable use of natural resources. The 
concept of sustainability has major implications in the case of non-regenerating resources 
which have to be exploited in such a manner as to avoid the danger of their future 
exhaustion and to assure that the benefits of this type of exploitation are shared with all 
mankind.11 The definitions of sustainable use are many, but they reflect the concept of 
equality between generations. Though weak at first, the concept of sustainable development 
started to gain in influence when the subject of environment started appearing as a main 
point in political debates. In the context of sustainable development it becomes more and 
more clear that the environment must be adapted and organized to meet the needs of 
individuals, which implies the exploitation of natural resources in order to serve the 
populace. The main areas which characterize sustainable development are: economy 
(efficient resource management), nature (maintaining a natural life base by reducing waste 
build-up) and society (its needs). 

The problem of the environment started being a point of interest for the European 
Community along with the acknowledgment that the decrease in natural resources and the 
effects of pollution could not be efficiently fought just between national borders. A more 
extended approach was needed. As such, in time, regional approaches gave way to 
strategies of sustainable development and the problem of the environment was integrated in 
all the components of Community politics. Environmental problems were approached by the 
international community through global scale collective measures, which it tried to define 
and apply based on an adequate international framework. In time, this international 
framework for action has suffered a dynamic evolution, comprising legal measures with a 
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compulsory character, in the form of treatises or conventions, or with an optional character, 
in the form of declarations, resolutions or sets of guidelines and political orientations, 
institutional measures and viable financing mechanisms. 

Environment protection has become, especially in the last decade, a major problem, 
discussed worldwide. This has led, in time, to a series of disputes between developed and 
developing countries, which in turn led to the forming of organizations whose main 
objectives were to find ways to reduce pollution and improve environment quality as a 
whole. 

Research in ways to reduce pollution and improve environment quality has led to the 
adoption of a set of actions and measures which mainly address: 

 thorough knowledge of the environment, of the interactions between the 
economic system and natural systems, as well as their consequences; 

 rational and economical use of natural resources; 
 preventing and fighting against damage done to the environment, whether 

by man or natural causes; 
 harmonizing the immediate and future interests of the society or the 

economical agents with regards to environment factors. 
The first reunion of the international community that discussed and analyzed global 

environment problems as well as development necessities took place in Stockholm between 
the 5th and the 16th of June 197212. As a result of this reunion, a series of environmental 
programs were adopted,13 programs considered the founding stone of the first international 
framework regarding environmental problems. Although it admitted that the environmental 
problems of industrialized countries (the damage suffered by natural habitats, toxicity, acid 
rains) are not important problems for all countries, the Conference held as its main subject 
environmental problems, leading to an increase in public awareness of this field.  

Since its foundation on the basis of recommendations from the Stockholm 
Conference, the United Nations Environment Program has conducted activities14 in order to 
fulfill its role as catalyst and coordinator in environment issues in the United Nations. 

Gradually, global environment problems became predominant, which required the 
start of additional actions for the growth of public awareness and for the taking, in a timely 
fashion, of functional measures both on a national and international level. Thus, in 1983 the 
United Nations founded the World Commission on Environment and Development known as 
the Brundtland Commission, which in 1987 elaborated and published the document “Our 
Common Future”15 which was to be the foundation of the 40 chapters of Agenda 21 and of 
the 27 principles of the Rio Declaration and which, to summarize, defined sustainable 
development as the development that meets the necessities of the present generation 
without compromising the ability of future generations to meet their own necessities. 

Before the 1992 Earth Summit, at the conference “Mining and the Environment” of 
June 1991, organized by the United Nations together with the German International 
Development Foundation, the Berlin Guidelines were formulated. Their formulation was 
possible through the cooperation of representatives from industry, governments and non-
governmental organizations. On this occasion the problem of transforming sustainable 
development rhetoric intro operational standards was raised and some requirements were 
identified both by the governments and by the mining companies and companies in the 
extraction industry. 
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The next step towards sustainable development was the United Nations Conference 
on Environment and Development which took place in Rio de Janeiro between the 3rd and 
the 13th of June 1992 and saw 115 of the world leaders take part. On this occasion, the 
need to integrate economical development and environment protection in the sustainable 
development objective was officially recognized, acknowledging the growing importance of 
international environment law as a mechanism for coding and promoting sustainable 
development. After the conference, a series of documents16 on environmental protection and 
sustainable development were adopted, even reaching an agreement on conventions 
regarding biodiversity and climate changes. 

Reactions after the Rio Summit were positive and led to the start of implementation 
initiatives of Agenda 21 on a regional level and to the reorientation of environment 
protection policies. As a result, commissions for sustainable development were founded in 
many states and strategies for such a development were prepared.  

In 1997 in New York, heads of state and government met to evaluate the progress 
shown after the Rio Conference. Conclusions showed a series of shortcomings regarding 
social equity and poverty, which led to an appeal for a firmer implementation of accords and 
international conventions on environment and development. In these conditions, between 
the 22nd and the 26th of November 1999, the second “Mining and the Environment” (or 
Berlin II) conference took place. There, the evolution of mining since the Berlin I conference 
was analyzed, from the sustainable development point of view. 

Between August 26th and September 6th 2002 the United Nations Summit on 
Sustainable Development, bringing together 104 heads of state, took place in 
Johannesburg. At the conference, sustainable development reasserted itself as a central 
element of international agenda. 

In June 2012, the United Nations Conference on Sustainable Development – Rio+ 
took place. In 9 days there were over 500 debates on subjects such as green energy, 
ecological transportation, sustainable economy, disaster reduction, desertification and 
others. 

The event ended with a symposium where deciding authorities from all around the 
world took part. The commitments made during the conference aimed at gathering funds of 
over $500 billion for the enactment of the sustainable development concept. 

The final document, “The Future We Want”, comprises the commitments made by the 
representatives of the 193 governments, state members of the United Nations. 

“The Future We Want” contains a series of measures meant to ensure a sustainable 
development for the human society, including: 

 establishing sustainability objectives; 
 planning a new forum; 
 developing a new financing strategy for the specific projects; 
 encouraging the civil society to engage in environment protection etc. 
The image presented shows a constant degradation of the environment which, on 

the background of society’s exponential growth of needs, determines the necessity of 
applying special measures that should stop the decline of environmental factors. 

The increasingly articulate context at the level of both the United Nations and the 
regional administrations offers at this time a more certain perspective for future generations 
in comparison to the situation two decades ago (Rio 1992). 
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resources, their poor management and capitalization, as well as poor land administration.” (Environmental protection 
Law nr. 137/1995, published in Romania’s Official Gazette nr. 304 from December 30 1995). Most of the existing 
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6 The Convention regarding diversity states that the sustainable use of resources consists in using the components of 
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founder of the International Institute for Environment and Development. In 1997, after the Maastricht Treaty, 
sustainable development becomes one of the European Union’s main objectives. In 2001, during the Göteborg 
summit, the EU’s Sustainable Development Strategy is adopted. In 2002, an external dimension was added to the 
strategy in Barcelona. The EU’s Sustainable Development Strategy, revised in 2006, includes a series of key-
objectives, political principles and challenges which are reference fields for all activities and policies in the EU, with 
the purpose of keeping them on the way of sustainable development. 
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harm the environment (and, as such, threaten the Planet) was recognized. 

9 Our Common Future, WCED, Oxford University Press, New York, 1987, p.4. 
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13 Under the motto One Earth, the Stockholm Conference in 1972 proclaimed the 5th of June as World 
Environment Day and adopted a series of documents: 

 The Stockholm Declaration represents the main document of the conference and contains 26 principles 
that are meant to underline the major importance and necessity of protecting the environment and state, 
among others, every man’s duty to protect and improve the environment; 
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 The Action Plan for the Human Environment, having three parts: the program for evaluating the global 

environment, activities for managing the environment and support measures; 

 The United Nations Environment Program – UNEP, whose Board and Secretariat were founded in 
December 1972 by the United Nations General Assembly; 

 The Voluntary Environment Fund, founded in January 1973 in accordance with financial procedures of the 
United Nations. 

14 The activities of the United Nations Environment Program can be classified in two big groups oriented towards 
different problems: 

 regional problems of environment factors: water, air and soil pollution (especially damaged terrains); 

 global problems: acid rains, exhaustion of the ozone layer, climatic changes, deforestation and 
desertification, conservation of biodiversity, the international transportation of toxic and dangerous 
products or waste, protecting the environment in times of armed conflict. 

15 The Brundtland Report. 

16 The documents adopted at the Rio Conference were: 

 The Rio Declaration, containing 27 principles; 

 Agenda 21, a plan of action for the sustainable development starting from the 21st century, spanning over 
40 chapters destined to specific program fields, structured in the terms of the base of action, of objectives 
to accomplish, of activities that need to be conducted and of implementation methods; 

 A document with no compulsory power, containing the principles for the management of conservation and 
sustainable development of all types of forest (Statement of Principles on Forests); 

 The institutional organization of the World Commission for Sustainable Development; 

 The financing mechanism for the implementation of Agenda 21. 
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